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Outline

■ Motivation: Charge network representation of the quantum Maxwell
field as a toy model of loop quantum gravity

■ Covariant phase space of local subsystems on null initial surfaces

■ Holonomy algebra and its quantisation
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Motivation: Charge Network Representation of the
Quantum Maxwell Field



Action and Phase Space

In what follows, we work on a fixed background (M, gab). We consider the
algebra of the Wilson loop observables for a U(1) gauge field.
Action:

S[ A4 ] = − 1

4e2

∫
M

d4vg F4 ab F4 ab,

where F4 ab = 2∇[a A4 b] is the field strength.
Variation and Hamilton–Jacobi equation:

δS[ A4 ] =
1

e2

∫
M

(d ⋆ F4 ) ∧ δ A4 − 1

e2

∫
∂M

⋆ F4 ∧ δ A4 .

Pre-symplectic current and potential:

θ = −e−2 ⋆ F4 ∧ d A4 ,

ΘΣ =

∫
Σ

θ = −e−2

∫
Σ

Ẽa
dAa.
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Phase Space and Constraints

On space-like initial hypersurface, we obtain the Poisson brackets{
Ẽa(x), Ab(y)

}
Σ
= −e2ha

bδ̃Σ(x, y),

where Aa = φ∗
Σ A4 a (vector potential) and Ẽa = d3vh F4 a

b n
b
∣∣
Σ
(electric

field) and hab = gab + nanb (projector onto Σ).
Gauss law: physical phase space obtained by imposing the constraint

DaẼ
a = 0.

Electric and (compactified) magnetic fluxes:

E△[E] =

∫
△
E,

hγ [A] = e−i
∫
γ A.
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Charge network representation

Electric and magnetic fluxes form a closed algebra.{
E△, hγ

}
Σ
= −i e2 ε(△, γ)hγ ,

If we restrict ourselves to a fixed graph Γ = (γ, γ′, . . . ) this is simply the
phase space T ∗U(1)|Γ|.
Charge network states:

ĥγi
|n1, . . . nN ⟩ = |n1, . . . ni + 1, . . . nN ⟩,

Ê△|n1, . . . nN ⟩ = −ℏe2
∑
i

niε(△, γi)|n1, . . . nN ⟩.

Gauss constraint: Physical states Ψphys satisfy the Gauss constraint:

∀f : ∂f = ∅ : ÊfΨphys = 0.

The construction is cylindrical consistent, i.e. stable under graph refinements.
The resulting Hilbert space can be understood as an L2-space over the space
of generalised U(1) connections [Ashtekar, Lewandowski,...].
What happens if we work on a null surface instead?
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Covariant Phase Space of Local Subsystems on Null
Initial Surfaces



Basic setup: covariant phase space on null boundaries

Spacetime region bounded by null surface:
■ Compact spacetime regionM.
■ Bounded by spacelike disksM0,M1 and
null surfaceN.

■ Null surface boundaryN embedded into
abstract bundle (ruled surface)
P (π,C) ≃ R×C.

■ Null generators π−1(z).

u−(ϑ , φ)

u+(ϑ , φ)

u

·σ(0)(ϑ , φ)
ℐ+

𝒩3

vacuum GR

GR+matter

π−1
(z)

z
S2

𝒩
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Newman–Penrose tetrad and spin coefficients

Introduce double null foliation in vicinity ofN.
Adapted Newman–Penrose null tetrad

gab = −2 ℓ4 (a k4 b) + 2 m4 (a m̄4 b),

such that
φ∗

N( ℓ4 a, k
4

a, m
4

a, m̄
4

a) = (0, ka,ma, m̄a).

Without loss of generality, k4 a = −∇au, 4ℓ[a∇b
4ℓc] = 0.

Anholonomic basis, exterior derivatives define U(1) spin connection,
shear and expansion, inaffinity

d m4 = −1

2
ϑ(k) ℓ

4 ∧ m4 − 1

2
ϑ(ℓ) k

4 ∧ m4 − i Γ4 ∧ m4 +

− σ(ℓ) k
4 ∧ m̄4 − σ(k) ℓ

4 ∧ m̄4 + τ k4 ∧ ℓ4 ,

d ℓ4 = −ψ ∧ ℓ4 , κ(ℓ) = − ℓ4 aψa.
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Electric and magnetic fields onN

Vector potential in neighbourhood ofN

A4 a = V ℓ4 a + ᾱ m4 a + α m̄4 a +∇aλ.

Magnetic fields onN

F = dA = φ∗
N F4 =

= +(Lm̄α+ iγ̄α− cc.)m ∧ m̄
−

[(
Lℓα+

(
1
2
ϑ(ℓ) − iφ(ℓ)

)
α+ σ(ℓ)ᾱ

)
k ∧ m̄+ cc.

]
,

Electric fields onN

⋆F := φ∗
N[⋆4F ] = −i

(
LℓV + κ(ℓ)V − (τ̄α+ τᾱ)

)
m ∧ m̄+

− i
[(
Lℓα+

(
1
2
ϑ(ℓ) − iφ(ℓ)

)
α+ σ(ℓ)ᾱ

)
k ∧ m̄− cc.

]
.

NB: electric and magnetic fields no longer independent. Immediate
consequence of self-duality of the two-form ⋆(4k ∧ 4m) = −i4k ∧ 4m.

9 / 26



Null symplectic structure

Pre-symplectic potential

ΘN = −e−2

∫
N

⋆ F4 ∧ dA.

Vector potential onN

φ∗
N A4 a = Aa = ᾱma + αm̄a + ∂aλ.

Bulk-corner split

ΘN = Θrad
N +Θedge

C+
−Θedge

C−
.
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Bulk-corner split

Bulk and boundary symplectic structure

Θrad
N = − 1

e2

∫
N

[
i
(
ℓ[α] +

(
1
2
ϑ(ℓ) − iφ(ℓ)

)
α+ σ(ℓ)ᾱ

)
dᾱ k ∧m ∧ m̄+ cc.

]
,

Θedge
C =

i

e2

∮
C

[
ℓ[V ] + κ(ℓ)V − (τ̄α+ τᾱ)

]
m ∧ m̄dλ.

Shear cancels from symplectic two-form

Ωrad
N = dΘrad

N

= − 1

e2

∫
N

[
i
(
Lℓ(dα) +

(
1
2
ϑ(ℓ) − iφ(ℓ)

)
dα

)
dᾱ k ∧m ∧ m̄+ cc.

]
.
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Null surface geometry

Signature (0++)metric.

qab = δije
i
ae

j
b, i, j = 1, 2.

Parametrisation of the dyad

ei = ΩSi
me

m
(o).

■ Conformal factor Ω parametrizes
the overall scale.

■ SL(2,R)-Holonomy Si
m determines

the shape degrees of freedom.
■ Fiducial background dyad ej(o), e.g.

(e0(o), e
1
(o)) = (dϑ, sinϑdφ).

u−(ϑ , φ)

u+(ϑ , φ)

u

·σ(0)(ϑ , φ)
ℐ+

𝒩3

vacuum GR

GR+matter

π−1
(z)

z
S2

𝒩

■ Clock variable u onN such that ℓ[u] = 1, ℓ[ϑ] = ℓ[φ] = 0.
■ Null surface has upper (lower) boundary: u

∣∣
C±

= ±1.
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Canonical transformation

To simplify the canonical analysis, we consider

expansion: ϑ(ℓ) = Ω−1 d

du
Ω,

U(1) holonomy: e−i ∆ = e−i
∫ u
−1 du′ φ(ℓ)(u

′,ϑ,φ),

fiducial volume form: d3vo = sinϑ du ∧ dϑ ∧ dφ.

Then, we simply have

Ωrad
N = − 1

e2

∫
N

d3vo

[
d

du

(
Ωe−i ∆

dα
)
Ωei ∆ dᾱ+ cc.

]
,

Resulting Poisson brackets (with skew-symmetric Θ-step function){
α(u1, ϑ1, φ1), ᾱ(u2, ϑ2, φ2)

}
=
e2

2
Θ(u2 − u1)Ω

−1
1 Ω−1

2 e+i(∆1−∆2)δ
(2)
12 .
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Side remark: Mode expansion
Toy model: ignore angular Ylm-modes, consider symplectic two-form

Ω = − 1

e2

∫ 1

−1

du
d

du
dα(u)dᾱ(u) + cc.

Split canonical variables
α(u) = αsoft(u) + αhard(u).

We introduce soft parts and hard parts

αsoft(u) =
1

2
∆αu,

αhard(u) =

∞∑
n=−∞

αne
−inπu.

Fundamental Poisson brackets{
p∆α,∆α

}
=

{
p∆ᾱ,∆ᾱ

}
= 1,{

αn, ᾱm

}
= − i e2

4π

1

n
δn−m, n,m ̸= 0,

where p∆α is conjugate to the finite memory ∆α = α(1)− α(−1),

p∆α =
1

e2

(
ᾱ0 +

∑
n ̸=0

(−1)n+1ᾱn

)
.
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Holonomy algebra



Wilson lines on null surfaces

We consider Wilson lines along a path γ (hoop) that consist of two null
segments connected by a spaeclike path γ̂.

𝒞−
𝒩

<latexit sha1_base64="KeHF/NHWT4Z16rQ5Hi9rgPsXCdQ="></latexit>ω

<latexit sha1_base64="FRsaGUCxTG/IenXqJNmIrOkW8yo="></latexit>

ω̌p0→p1

<latexit sha1_base64="MlI1tAJL7AOCDcwQkXqtXicHiQA="></latexit>p0

<latexit sha1_base64="pzmUzzefXTt5trCcVv1edT3BQX8="></latexit>p1

<latexit sha1_base64="OiKCkoOcd/TRh6UBgxk6Boy1cgY="></latexit>x1

<latexit sha1_base64="lDoGC1nLXmioB6z53LLjuwPaD50="></latexit>x0
<latexit sha1_base64="SYO6nSVjgzWp0DHHnw8M6tjiw94="></latexit>ω

<latexit sha1_base64="gzN5kVRcxYTdPfVolLPxvDmI2ec="></latexit>

ω̂

<latexit sha1_base64="N5d9DklPl/85R7CO//+h8c8aGmU="></latexit>

ω̌

Wilson line operators

hγ [A] = exp
(
− i

∫
γ̂

(
αm̄+ ᾱm

))
e−i((λ◦γ)(1)−(λ◦γ)(0)).
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Regularised holonomies

Poisson brackets among holonomies vanish unless Wilson lines intersect
the same light ray.

𝒩
<latexit sha1_base64="KeHF/NHWT4Z16rQ5Hi9rgPsXCdQ="></latexit>ω

<latexit sha1_base64="K4zhAjZYRoPsNqTt6SEwZ+BN290="></latexit>

↭!r

!s

<latexit sha1_base64="ieVkLX/vi0AsTHAXl89I9VCJcSU="></latexit>

ω̌+

<latexit sha1_base64="E3DQuxfzSZOkA6v7944EFQUEBkI="></latexit>

ω̌→

<latexit sha1_base64="aeBBxOTeWfteaeojIZ/86DHU3Pc="></latexit>

!r

<latexit sha1_base64="VMNMC6iop3UCHOXUKqxoA7Yi/aU="></latexit>

!s

𝒞−
<latexit sha1_base64="V/zcKPnmENlgLVIAKVtLdQaJEv0="></latexit>

ω̂+

<latexit sha1_base64="DTVqn2uvanAZk7scU6hDnlh94DE="></latexit>

ω̂→

<latexit sha1_base64="qChcuNKueH123CLiDwTdCeId5yA="></latexit>ω→

<latexit sha1_base64="AsqChpnoC2kHgWWnOzZ62sjdtTA="></latexit>ω+

Regularised holonomies

hγ̂± = lim
∆ε↘0

exp
(
− i

1

∆ε

∫
f̌∆ε
±

dε ∧ η∗± (αm̄+ ᾱm)
)
.
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Holonomy-holonomy algebra

For vanishing shear, algebra simply given by

{
hγ+

, hγ−

}
=
e2

4
hγ+

hγ−

cosφ(γ+, γ−)

| sinφ(γ+, γ−)|
,

where φ(γ+, γ−) is the angle at the intersection in the projection.
For non-vanishing shear, algebra depends on parallel transport

{
hγ+

, hγ−

}
=
e2

4
hγ+

hγ−

v̌¯
a

+v̌¯
b

−H ¯
c

¯
a (p+)H ¯

d

¯
b (p−)q

¯
c
¯
d∣∣ε

¯
f
¯
g v̌¯

f

+v̌¯
g

−
∣∣ =:

e2

4
g(γ+, γ−)hγ+

hγ− .

where we introduced the holonomy (gravitational memory)

H ¯
b

¯
a (p±) = Pexp

(∫ u±

−1

duσ(u, z, z̄)
)

¯
b

¯
a
,

which depends on the shear tensor σ b
a , in here a, b, . . . . are tenors

indices on TC− and v̌a± = π∗γ̇
a
± at the intersection.
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Comparison with gravitational case

Dirac bracket for SL(2,R) holonomy (perhaps mnemonomy better name){
Si

m(x), Sj
n(y)

}∗
= −4πGΘ(x, y) δ(2)(x, y)Ω−1(x)Ω−1(y)

×
[
e−2 i (∆(x)−∆(y))[XS(x)]i

m

[
X̄S(y)

]j
n
+ cc.

]
.

U(1) angle: ∆ =
∫ U

dUφ(U), φ = − 1
2
Tr

(
J d

dU
SS−1

)
.

Gauge symmetries:
1 U(1) transformations
2 vertical diffeomorphisms along null generators
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Quantum holonomy algebra



Heisenberg holonomy algebra

Classical algebra: Fix a graph, i.e. collection of hoops Γ = (γ1, γ2, . . . , γN ),
we obtain {

hγi
, hγj

}
=
e2

4
g(γi, γj)hγi

hγj
,

note: g(γi, γj) singular as γi → γj .
Quantisation: [

ĥγi
, ĥγj

]
=

ℏe2

8i
g(γi, γj)

(
ĥγi

ĥγj
+ ĥγj

ĥγi

)
,

in other words:
ĥγi

ĥγj
= e−2πiqij ĥγj

ĥγi
.

note: g(γi, γj) regular as γi → γj , implying

ĥγi
ĥγi

= 0.
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Reality conditions

Finally, we have to impose reality conditions:
Classical level:

hγ h̄γ = 1.

Quantum level:
hγh

†
γ + h†

γhγ = 21.

Summary of algebraic relations:

ĥγi
ĥγj

= e−2πiqij ĥγj
ĥγi

,

ĥγi
ĥ†
γj

= e+2πiqij ĥ†
γj
ĥγi

+ 2δij1.
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Hilbert space representation

Finally, we have to impose reality conditions:
For a single link

ĥ†
γ |γ, ↑⟩ = 0, ĥγ |γ, ↑⟩ =

√
2|γ, ↓⟩,

ĥ†
γ |γ, ↓⟩ =

√
2|γ, ↑⟩, ĥγ |γ, ↓⟩ = 0.

The reality conditions hγ−1 = h†
γ imply

|γ−1, ↑⟩ = |γ, ↓⟩.
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Hilbert space representation

To extend this construction to the entire holonomy algebra, we assign to
every oriented graph γ ∈ Γ an element of {↑, ↓}, i.e. a framing s(γ).
Vacuum state

ĥ
s(γπ(1))
γπ(1)

· · · ĥs(γπ(K))
γπ(K)

|s,Γ⟩ = 0, where
{
ĥ↑
γ = ĥ†

γ ,

ĥ↓
γ = ĥγ ,

for all subsequences (γπ(1), . . . , γπ(K)) of (γ1, . . . , γN ).
In this way, we obtain a 2N -dimensional HilbertspaceHΓ.
To realise path refinements, e.g. γ → (γ, α, β), γ = β ◦ α, we impose
constraints C = hγ − hαhβ = 0 on extended Hilbert spaceH(γ) ⊗H(γ,α,β).
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Conclusion



Take home messages

■ On null surfaceN, Wilson lines no longer commute.

■ Direct consequence of existence of (anti-)selfdual two-forms k ∧m
(k ∧ m̄) onN, implying that magnetic and electric fluxes are no longer
independent initial data.

■ Wilson lines that intersect the same light ray no longer commute.

■ We developed a quantisation of the resulting holonomy algebra.
Each holonomy becomes an anti-commuting number.

■ No preferred vacuum. Vacuum state depends on choice of framing.
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