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Introduction and Motivation



Infra particles, coarse graining, edge modes, BH information
Why quantum gravity in finite regions? Different views:

Mere gauge fixing: Representdiffeomorphism equivalence class ofstates [Ψ0] by states on the light cone.
Coarse graining: Build observables bysuccessively gluing gravitationalsubsystems.

Quantum gravity in three dimensions, Witten spinors and
the quantisation of length

Wolfgang Wieland
Perimeter Institute for Theoretical Physics

31 Caroline Street North
Waterloo, ON N2L2Y5, Canada

Fall 2017
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1. Introduction

Ψ0

Ψ1

Ψnull

1

Soft modes/edge modes: In gravity, energy, momentum, angularmomentum, center of mass, supertranslations ... are analogous tocharge in QED. Do we have superpositions of such charges in nature?Can we study such charge superpositions in the lab? Help usunderstand black hole information loss?

[Strominger, Perry; Godazgar, Harlow, Wu; Prabhu, Chandrasekaran, Flanagan, Bonga; Bodendorfer, Thiemann, Thurn; Sahlmann; Krasnov, Ashtekar,Beetle, Krishnan, Corichi, Carlip, Giddings, Freidel, Donnelly, Speranza, Riello, Geiller, Livine, Dittrich, Pranzetti, Grumiller, Seraj, Barnich, Compère,...]
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Gravity in terms of differential forms

To understand how gravity couples to boundaries, it is useful to work withdifferential forms rather than tensors since there is a natural notion ofprojection onto the boundary, namely the pull-back ϕ∗ : T ∗M → T ∗(∂M),which does not require a metric.
Fundamental configuration variables

gab = ηαβe
α
ae
β
b,

∇∧ ωα = d ∧ ωα +Aαβ ∧ ωβ .

Palatini action
S[A, e] =

1

16πG

∫
M

∗(eα ∧ eβ︸ ︷︷ ︸
Σαβ

) ∧ Fαβ [A] + boundery terms.

Symplectic potential
ΘΣ =

1

16πG

∫
Σ

∗Σαβ ∧ dAαβ + corner terms.
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Charges and symmetries 1/2

Two kinds of gauge symmetries: diffeomorphisms and internal Lorentztransformations.
Lorentz transformations

δΛ[eα] = Λαβe
β , Λαβ = −Λβα

δΛ[Aαβ ] = −∇Λαβ .

Lorentz charges are integrable at full non-perturbative level.
ΩΣ(δΛ, δ)

∣∣
EOM

= −δ[QΛ].

QΛ[Σ] = − 1

16πG

∮
∂Σ

∗ΣαβΛαβ .

NB: Such Lorentz charges do not exist in metric gravity (on the ADM phase space).Physically meaningful perhaps only if we add fermions (defects of torsion).
[Freidel, Donnelly, Speranza, Riello, Geiller, Speziale, Paoli, Oliveri, ...]
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Charges and symmetries 2/2
Two kinds of gauge symmetries: diffeomorphisms and internal Lorentztransformations.
Base diffeomorphisms lifted upwards into the Lorentz bundle

δξ[e
α] = ∇(ξyeα) + ξy(∇∧ eα),

δξ[A
α
β ] = ξyFαβ .

Diffeomorphism charges
ΩΣ(δξ, δ)

∣∣
EOM

=
1

16πG

∮
∂Σ

ξy ∗ Σαβ ∧ δAαβ ?
= −δ[Pξ].

Trivially integrable at linear order in perturbations
eα =

◦
eα + fα ≡ ◦eα + fαβ

◦
eβ , fαβ = fβα,

Pξ =
1

8πG

∮
∂Σ

ξy ∗
◦
Σαβ ∧

◦
∇[αfβ].

NB: for an asymptotic time translation ξa =
[
∂
∂x0

]a, the linearised charge Pξ
returns the ADM mass for a linearised solution fαβ = O(r−1) around ◦eα = dxα.
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A puzzle: Integrability of charges
In gravity, time evolution t→ t+ ε canbe understood as a large gaugetransformation.
It seems reasonable to expect theHamiltonian is the generator for sucha gauge transformation:
H[Σ] ≡ Pξ[Σ]

?
=

∮
∂Σ

d2va ξbTab[?].

Σ

Σflux

vs.

N

2

We assume that Pξ generates the symmetry algebra{
Pξ, Pξ′

}
= −P[ξ,ξ′] + c[ξ, ξ′].

However, that’s at odds with the fact that a system may loose massvia gravitational radiation
d

dt
Mc2 =

d

dt
H = {H,H} = 0,

= − 1

4πG

∮
S2
t

d2Ω |σ̇0|2 ≤ 0.

 �

... unless, we allow for an explicit time dependence in theHamiltonian ... 8 /34



Subsystems as evolving regions in space

To characterise a gravitational subsystem,two choices must be made.

A choice must be made for how to extend
the boundary of the partial Cauchy
hypersurface Σ into a worldtubeN.
A choice must be made for what is the flux
of gravitational radiation across the
worldtube of the boundary, i.e. a
(background field, c-number) that drives
the time-dependence of the Hamiltonian.

Σ

Σflux

vs.

N

2

N.B.: In spacetime dimensions d < 4, there are no gravitational waves, and we can
forget about the second issue. The Hamiltonian will be automatically conserved.
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Bulk plus boundary field theory



Bulk plus boundary action

General action for coupled bulk plus boundary field theory
S =

∫
M

L[Φ, dΦ] +

∫
B

`[Φ, ϕ, dϕ|σ].

Fundamental configuration variables:
- bulk variables: Φ ∈ Ω|Φ|(M : Vbulk),
- bulk variables: ϕ ∈ Ω|ϕ|(M : Vbndry),
- boundary sources: σ,
- Covariance: for every diffeomorphism α ∈ Diff(M : M).

L
[
α∗Φ, α∗dΦ

]
(x) = L

[
Φ, dΦ

](
α(x)

)
,

`
[
α∗Φ, α∗ϕ, α∗dϕ

∣∣α∗σ](x) = `
[
Φ, ϕ, dϕ

∣∣σ](α(x)
)
.

In 2 + 1, the boundary source is simply the conformal metric σ ≡ √qqab. In higher
dimensions, σ describes also the flux of gravitational radiation crossing the
boundary.
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Bulk plus boundary field equations

Bulk kinetic momentum: ΠΦ := dΦ,
Bulk variations:

δ[L] =:
∂L

∂Φ
∧ δΦ +

∂L

∂ΠΦ
∧ δΠΦ =

= (EOM)(δ) + d
[
Θbulk(δ)

]
.

Field equations and pre-symplectic current:
(EOM)(δ) =

[
∂L

∂Φ
− (−1)d−|Φ|d

[ ∂L
∂ΠΦ

]]
∧ δΦ,

Θbulk(δ) = (−1)d−|Φ|
∂L

∂ΠΦ
∧ δΦ ≡ PΦ ∧ δΦ.
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Bulk plus boundary field equations
Boundary kinetic momentum: πφ := dφ,
Bulk variations:

δ[`] =:
∂`

∂Φ
∧ δΦ +

∂`

∂ϕ
∧ ϕ+

∂`

∂πϕ
∧ δπϕ +

∂`

∂σ
∧ δσ.

= −Θglue(δ) + (eom)(δ)− d
[
ϑ(δ)

]
+ Θsource(δ).

Boundary field equations and pre-symplectic currents:
(eom)(δ) =

[
∂`

∂ϕ
+ (−1)d−|ϕ| d

[ ∂`
∂πϕ

]]
∧ δϕ,

ϑ(δ) = (−1)d−|ϕ|
∂`

∂πϕ
∧ δϕ ≡ pϕ ∧ δϕ.

Gluing conditions: linking boundary field theory to the field theory in the bulk
at B : Θbndry(δ) = Θglue(δ).
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Quasi-Hamiltonian

Pre-symplectic structure on a partial Cauchy surface Σ anchored at theboundaryB : B ⊃ ∂Σ,
ΘΣ =

∫
Σ

PΦ ∧ dΦ +

∮
∂Σ

pϕ ∧ dϕ,

ΩΣ = dΘΣ.

Quasi-Hamiltonian via Legendre transformation
Hξ[Σ] = ΘΣ(Lξ)−

∫
Σ

ξyL+

∮
∂Σ

ξy`.

Hamiltonian depends on boundary sources
δ [Hξ[Σ]] = −ΩΣ(Lξ, δ) +Hδξ[Σ] +

∮
∂Σ

ξyΘsource(δ).
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Example: 3d gravity with conformal boundary conditions
Bulk plus boundary action:

S[A, e|ξ] =
1

8πG

∫
M

ei ∧ F i[ω]− i

2

∫
B

[
ξAdz ∧DωξA − cc.

]

- bulk variables: triad ei and connection ωi,
- boundary variables: ξA,
- boundary sources: σ = dz.

Bulk plus boundary field equations
F i = dωi + 1

2
εijkω

j ∧ ωk = 0,

T i = dei + εijkω
j ∧ ek = 0,

∂az̄D
ω
a ξ

A = 0⇔ Ka
a = 0,

Gluing condition
ϕ∗Be

i = 2πGξAξBσ i
AB dz + cc.
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Is there a phase space where Hξ is integrable?

Recall the differential on field space
δ [Hξ[Σ]] = −ΩΣ(Lξ, δ) +Hδξ[Σ] +

∮
∂Σ

ξyΘsource(δ) =

= −ΩΣ(Lξ, δ) +Hδξ[Σ] +

∮
∂Σ

ξy
[ ∂`
∂σ
∧ δσ

]
.

Example: In three spacetime dimensions, this can easily be madeintegrable. The boundary source is simply the conformal dyad σ ≡ dz.Setting δσ = 0 (and δξa = 0) is not a big deal in 3d.
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Removing the radiative data

What happens in 3+1?

To make Hξ integrable, we choose
1 δξa = 0,
2 δσ = 0.

What is the phase space, where theseconditions are satisfied?

I+

C+

M

C

M+

M

Figure 1: Setup of the problem. We consider an asymptotically flat spacetime. The three-manifolds M and M+ are
partial Cauchy hypersurfaces, which are bounded by consecutive cross sections C = ∂M and C+ = ∂M+ of future
null infinity I+. The null surface N is the portion of I+ between C and C+. We restrict ourselves to regions in
phase space where C+ lies far enough ahead such that all radiation at I+ vanishes at and beyond the cross section
C+. Care needs to be taken with orientations. Our conventions are as follows. The orientation of N is induced
from the bulk, which is M, whereas the orientation of the cross sections {C,C+} is induced from M and M+. The
boundary of M is ∂M = M ∪ M−1

+ ∪ N.

On the asymptotic boundary N, the situation is more subtle [4, 10, 23]. We have to impose
boundary and gauge fixing conditions to remove otherwise IR divergent terms.1 Upon removing
such divergencies, the radiative symplectic structure [4] is given by

ΘN = − 1

8πG

∫

N

du ∧ d2Ω
(
σ̇(0)δσ̄(0) + cc.), (7)

where σ(0)(u, z, z̄) is the asymptotic shear and d2Ω is the fiducial area element at I+. One
possibility to derive the symplectic structure (7) is to consider the pre-symplectic radiative structure
on a finite null surface and perform an asymptotic r → ∞ limit using an auxiliary double-null
foliation, see [12, 13].

To realise the Barnich–Troessaert bracket as a Dirac bracket, we have to say what are the
relevant second-class constraints. Our proposal is that the constraints remove the entire radiative
data from the covariant phase space on a partial Cauchy surface M . In other words, we consider
the following constraints on the radiative phase space

∀(u, z, z̄) ∈ N : Φα ≡ Φ[σ, h](u, z, z̄) = σ̇(0)(u, z, z̄) − ḣ(0)(u, z, z̄)
!
= 0, (8)

where h(0)(u, z, z̄) is a background field (a c-number) of compact support on I+ that commutes

1An example for such an IR divergence arises from the naive inclusion of conformal transformations qo
ab → ω2qo

ab

of the fiducial two-metric at I+ into the pre-symplectic potential. The constraints at null infinity impose that
∂uδω = 0. Such u-independent terms (and their coinjugate pairs) lead to IR divergent integrals at I+.

3

Basic assumptions: (1) δξa = 0, (2) radiation has compact support and (3)phase space onM neatly splits into radiative modes and edge modes.
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Assumption: splitting into radiative and edge modes

Crucial assumption: pre-symplectic two-formonM splits into radiative and edge modes
ΩM =

1

2
Ωαβrad[σ, ξ]dσα

V
dσβ+

1

2
Ωµνedge[σ, ξ]dξµ

V
dξν .

Where the radiative part is symplectomorphic(same phase space) as the portion of theradiative phase space between C and C+.

I+

C+

M

C

M+

M

Figure 1: Setup of the problem. We consider an asymptotically flat spacetime. The three-manifolds M and M+ are
partial Cauchy hypersurfaces, which are bounded by consecutive cross sections C = ∂M and C+ = ∂M+ of future
null infinity I+. The null surface N is the portion of I+ between C and C+. We restrict ourselves to regions in
phase space where C+ lies far enough ahead such that all radiation at I+ vanishes at and beyond the cross section
C+. Care needs to be taken with orientations. Our conventions are as follows. The orientation of N is induced
from the bulk, which is M, whereas the orientation of the cross sections {C,C+} is induced from M and M+. The
boundary of M is ∂M = M ∪ M−1

+ ∪ N.

On the asymptotic boundary N, the situation is more subtle [4, 10, 23]. We have to impose
boundary and gauge fixing conditions to remove otherwise IR divergent terms.1 Upon removing
such divergencies, the radiative symplectic structure [4] is given by

ΘN = − 1

8πG

∫

N

du ∧ d2Ω
(
σ̇(0)δσ̄(0) + cc.), (7)

where σ(0)(u, z, z̄) is the asymptotic shear and d2Ω is the fiducial area element at I+. One
possibility to derive the symplectic structure (7) is to consider the pre-symplectic radiative structure
on a finite null surface and perform an asymptotic r → ∞ limit using an auxiliary double-null
foliation, see [12, 13].

To realise the Barnich–Troessaert bracket as a Dirac bracket, we have to say what are the
relevant second-class constraints. Our proposal is that the constraints remove the entire radiative
data from the covariant phase space on a partial Cauchy surface M . In other words, we consider
the following constraints on the radiative phase space

∀(u, z, z̄) ∈ N : Φα ≡ Φ[σ, h](u, z, z̄) = σ̇(0)(u, z, z̄) − ḣ(0)(u, z, z̄)
!
= 0, (8)

where h(0)(u, z, z̄) is a background field (a c-number) of compact support on I+ that commutes

1An example for such an IR divergence arises from the naive inclusion of conformal transformations qo
ab → ω2qo

ab

of the fiducial two-metric at I+ into the pre-symplectic potential. The constraints at null infinity impose that
∂uδω = 0. Such u-independent terms (and their coinjugate pairs) lead to IR divergent integrals at I+.

3

Ωrad =
1

2
Ωαβrad dσα

V
dσβ ' ΩN.

Corresponding pre-symplectic potential in terms of the asymptotic shear:
ΘN = − 1

8πG

∫
N

du ∧ d2Ω
(
σ̇(0)δσ̄(0) + cc.),

18 /34



Second-class constraints

Constraints: fix the asymptotic shear in termsof a background field ḣ
Φα ≡ Φ[σ, h](u, z, z̄) =

= σ̇(0)(u, z, z̄)− ḣ(0)(u, z, z̄)
!
= 0,

Where ḣ Poisson commutes with everything.

I+

C+

M

C

M+

M

Figure 1: Setup of the problem. We consider an asymptotically flat spacetime. The three-manifolds M and M+ are
partial Cauchy hypersurfaces, which are bounded by consecutive cross sections C = ∂M and C+ = ∂M+ of future
null infinity I+. The null surface N is the portion of I+ between C and C+. We restrict ourselves to regions in
phase space where C+ lies far enough ahead such that all radiation at I+ vanishes at and beyond the cross section
C+. Care needs to be taken with orientations. Our conventions are as follows. The orientation of N is induced
from the bulk, which is M, whereas the orientation of the cross sections {C,C+} is induced from M and M+. The
boundary of M is ∂M = M ∪ M−1

+ ∪ N.

On the asymptotic boundary N, the situation is more subtle [4, 10, 23]. We have to impose
boundary and gauge fixing conditions to remove otherwise IR divergent terms.1 Upon removing
such divergencies, the radiative symplectic structure [4] is given by

ΘN = − 1

8πG

∫

N

du ∧ d2Ω
(
σ̇(0)δσ̄(0) + cc.), (7)

where σ(0)(u, z, z̄) is the asymptotic shear and d2Ω is the fiducial area element at I+. One
possibility to derive the symplectic structure (7) is to consider the pre-symplectic radiative structure
on a finite null surface and perform an asymptotic r → ∞ limit using an auxiliary double-null
foliation, see [12, 13].

To realise the Barnich–Troessaert bracket as a Dirac bracket, we have to say what are the
relevant second-class constraints. Our proposal is that the constraints remove the entire radiative
data from the covariant phase space on a partial Cauchy surface M . In other words, we consider
the following constraints on the radiative phase space

∀(u, z, z̄) ∈ N : Φα ≡ Φ[σ, h](u, z, z̄) = σ̇(0)(u, z, z̄) − ḣ(0)(u, z, z̄)
!
= 0, (8)

where h(0)(u, z, z̄) is a background field (a c-number) of compact support on I+ that commutes

1An example for such an IR divergence arises from the naive inclusion of conformal transformations qo
ab → ω2qo

ab

of the fiducial two-metric at I+ into the pre-symplectic potential. The constraints at null infinity impose that
∂uδω = 0. Such u-independent terms (and their coinjugate pairs) lead to IR divergent integrals at I+.

3

The fundamental Poisson commutation relations imply that theconstraints are second-class:{
σ(0)(x), σ̄(0)(y)

}
= −4πGΘ(x, y) δ(2)(x, y),
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Dirac bracket

Dirac bracket for second class constraints Φα = 0, {Φα,Φβ} = ∆αβ ,
∆αµ∆µβ = δαβ , {

A,B
}∗

=
{
A,B

}
−
{
A,Φα

}
∆αβ{Φβ , B

}
.

In our case easy: the corresponding pre-symplectic two-form now simplyreads
Ω∗M = ΩM − ΩN.
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Dirac bracket and covariant phase space

Dirac bracket for second class constraints Φα = 0, {Φα,Φβ} = ∆αβ ,
∆αµ∆µβ = δαβ , {

A,B
}∗

=
{
A,B

}
−
{
A,Φα

}
∆αβ{Φβ , B

}
.

In our case easy: the corresponding pre-symplectic two-form now simplyreads
Ω∗M = ΩM − ΩN.

We can now simply use covariant phase space methods to compute thecharge on the reduced phase space:
Ωedge(δ,Lξ) = ΩM (δ,Lξ)− Ωrad(δ,Lξ) =

= ΩM (δ,Lξ)−
∫
N

[
δ[θrad(Lξ)]−Lξ[θrad(δ)]

]
=

= ΩM (δ,Lξ) +

∮
C

ξyθrad(δ)−
∫
N

δ[θrad(Lξ)].
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Charge shifted upwards

Ωedge(δ,Lξ) = −δ[Hξ[M ]]−
∫
N

δ[θrad(Lξ)].

First term: Charge at C,
Second term: Flux between C and C+.
Ωedge(δ,Lξ) = −δ[Hξ[M+]] ≡ −δH+

ξ .

I+

C+

M

C

M+

M

Figure 1: Setup of the problem. We consider an asymptotically flat spacetime. The three-manifolds M and M+ are
partial Cauchy hypersurfaces, which are bounded by consecutive cross sections C = ∂M and C+ = ∂M+ of future
null infinity I+. The null surface N is the portion of I+ between C and C+. We restrict ourselves to regions in
phase space where C+ lies far enough ahead such that all radiation at I+ vanishes at and beyond the cross section
C+. Care needs to be taken with orientations. Our conventions are as follows. The orientation of N is induced
from the bulk, which is M, whereas the orientation of the cross sections {C,C+} is induced from M and M+. The
boundary of M is ∂M = M ∪ M−1

+ ∪ N.

On the asymptotic boundary N, the situation is more subtle [4, 10, 23]. We have to impose
boundary and gauge fixing conditions to remove otherwise IR divergent terms.1 Upon removing
such divergencies, the radiative symplectic structure [4] is given by

ΘN = − 1

8πG

∫

N

du ∧ d2Ω
(
σ̇(0)δσ̄(0) + cc.), (7)

where σ(0)(u, z, z̄) is the asymptotic shear and d2Ω is the fiducial area element at I+. One
possibility to derive the symplectic structure (7) is to consider the pre-symplectic radiative structure
on a finite null surface and perform an asymptotic r → ∞ limit using an auxiliary double-null
foliation, see [12, 13].

To realise the Barnich–Troessaert bracket as a Dirac bracket, we have to say what are the
relevant second-class constraints. Our proposal is that the constraints remove the entire radiative
data from the covariant phase space on a partial Cauchy surface M . In other words, we consider
the following constraints on the radiative phase space

∀(u, z, z̄) ∈ N : Φα ≡ Φ[σ, h](u, z, z̄) = σ̇(0)(u, z, z̄) − ḣ(0)(u, z, z̄)
!
= 0, (8)

where h(0)(u, z, z̄) is a background field (a c-number) of compact support on I+ that commutes

1An example for such an IR divergence arises from the naive inclusion of conformal transformations qo
ab → ω2qo

ab

of the fiducial two-metric at I+ into the pre-symplectic potential. The constraints at null infinity impose that
∂uδω = 0. Such u-independent terms (and their coinjugate pairs) lead to IR divergent integrals at I+.

3
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Algebra of charges on the reduced phase space

{
H+
ξ , H

+
ξ′
}∗

= ΩM (Lξ,Lξ′)−
∮
C

[
ξyθrad(Lξ′)− ξ′yθrad(Lξ)

]
+

∫
N

θrad
(
[ξ, ξ̄]

)
.

First terms: Barnich – Trossaert Bracket,
Last term: Flux between C and C+.

I+

C+

M

C

M+

M

Figure 1: Setup of the problem. We consider an asymptotically flat spacetime. The three-manifolds M and M+ are
partial Cauchy hypersurfaces, which are bounded by consecutive cross sections C = ∂M and C+ = ∂M+ of future
null infinity I+. The null surface N is the portion of I+ between C and C+. We restrict ourselves to regions in
phase space where C+ lies far enough ahead such that all radiation at I+ vanishes at and beyond the cross section
C+. Care needs to be taken with orientations. Our conventions are as follows. The orientation of N is induced
from the bulk, which is M, whereas the orientation of the cross sections {C,C+} is induced from M and M+. The
boundary of M is ∂M = M ∪ M−1

+ ∪ N.

On the asymptotic boundary N, the situation is more subtle [4, 10, 23]. We have to impose
boundary and gauge fixing conditions to remove otherwise IR divergent terms.1 Upon removing
such divergencies, the radiative symplectic structure [4] is given by

ΘN = − 1

8πG

∫

N

du ∧ d2Ω
(
σ̇(0)δσ̄(0) + cc.), (7)

where σ(0)(u, z, z̄) is the asymptotic shear and d2Ω is the fiducial area element at I+. One
possibility to derive the symplectic structure (7) is to consider the pre-symplectic radiative structure
on a finite null surface and perform an asymptotic r → ∞ limit using an auxiliary double-null
foliation, see [12, 13].

To realise the Barnich–Troessaert bracket as a Dirac bracket, we have to say what are the
relevant second-class constraints. Our proposal is that the constraints remove the entire radiative
data from the covariant phase space on a partial Cauchy surface M . In other words, we consider
the following constraints on the radiative phase space

∀(u, z, z̄) ∈ N : Φα ≡ Φ[σ, h](u, z, z̄) = σ̇(0)(u, z, z̄) − ḣ(0)(u, z, z̄)
!
= 0, (8)

where h(0)(u, z, z̄) is a background field (a c-number) of compact support on I+ that commutes

1An example for such an IR divergence arises from the naive inclusion of conformal transformations qo
ab → ω2qo

ab

of the fiducial two-metric at I+ into the pre-symplectic potential. The constraints at null infinity impose that
∂uδω = 0. Such u-independent terms (and their coinjugate pairs) lead to IR divergent integrals at I+.

3
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Role of the Barbero – Immirzi parameter



Self-dual two-forms on a null surface
On a null surface it is useful to work with forms rather than vectors.Given a tetrad eα, we have a hierarchy of p-forms: eα1 ∧ · · · ∧ eαp .8 Wolfgang Wieland

N

C

ℓa

Figure 2. We are considering the gravitational field in a
four-dimensional causal region M, whose boundary has four
components, namely the three-dimensional null surfaces N+

and N−, which have the topology of a cylinder [0, 1]×S2, and
the spacelike disks Σ− and Σ+ at the top and bottom. The
boundary has three corners, which appear as the boundary
of the boundary, namely ∂N+ = C+ ∪ C−1

o and ∂N− =
Co ∪C−1

− . All these manifolds carry an orientation, which is
induced from the bulk: ∂M = Σ−1

− ∪ N− ∪ N+ ∪Σ+.

fundamental Poisson brackets are given by
{
πA(z), ℓB(z′)

}
C

= δB
Aδ

(2)(z, z′), (22a)
{
π̄A′(z), ℓ̄B

′
(z′)

}
C

= δB′
A′ δ

(2)(z, z′), (22b)

where δ2(·, ·) is the two-dimensional Dirac distribution at the corner. All
other Poisson brackets among the canonical variables vanish identically.

The spinors ℓA and πA are not arbitrary. The reality conditions (14)
constrain the spin (0, 0) singlet πAℓ

A to satisfy

C =
i

β + i
πAℓ

A + cc. = 0. (23)

The reality conditions are necessary for the spinors to be compatible with a
real and Lorentzian metric in a neighbourhood of the corner. On the C =
0 constraint hypersurface in phase space, we can then find the following
identities for the area in terms of the canonical variables, namely

Ar[C] = −i

∫

C

ηAℓ
A ≈ 1

2i

∫

C

(
ηAℓ

A − cc.
)

≈ 4πiβG

∫

C

(πAℓ
A − cc.). (24)

Directed area two-form Σαβ = eα ∧ eβ(
ΣAB ∅
∅ −Σ̄ B′

A′

)
= −1

8
[γα, γβ ]eα ∧ eβ .

On a null surfaceN, there always exists aspinor `A : N → C2 and a spinor-valuedtwo-form ηAab ∈ Ω2(N : C2) such that
ϕ∗NΣABab = `(AηB)ab.

The Lorentz invariant spin (0, 0) scalar ε = −iηA`
A defines theoriented area of any two-dimensional cross section C ofN

Area[C] =

∫
C

ε = −i

∫
C

ηA`
A.
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Boundary term for the Holst action
Bulk plus boundary action.

Holst action in the bulk,
SM[A, e] =

γ + i

γ

[
i

8πG

∫
M

ΣAB [e] ∧ FAB [A]

]
+ cc.

SL(2,C)-invariant boundary action,
SN[A|η, `|g] =

γ + i

γ

[
i

8πG

∫
N

ηA ∧
(
D − 1

2
κ
)
`A︸ ︷︷ ︸“pdq”

]
+ cc.

The one-form κa ∈ Ω1(N) is the null surface analogue of the
Ashtekar –Barbero connectionbulk plus boundary action

S[A, e|η, `|g] = SM[A, e] + SN[A|η, `|g]

boundary conditions: δ[g] = δ[κa, `a,ma]/∼ = 0.
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Immirzi parameter twists the boundary conditions
Complex abelian connection for U(1)× dilations.

`aDa`
A =

1

2

(
κ(`) + iϕ(`)

)
`A.

Boundary connection: sum of ‘extrinsic curvature’ and ‘spin connection’ .
`aκa = κ(`) − γ−1ϕ(`).

Boundary conditions: δ[κa, `a,ma]/∼ = 0

vertical diffeomorphisms [ϕ∗κa, `a, ϕ∗ma] ∼ [κa, ϕ∗`a,ma]

dilations [κa, `a,ma] ∼ [κa +∇af, ef `a,ma]

complexified conformal transformations λ = µ+ iν:
[κa, `a,ma] ∼

[
κa − 1

γ
∇aν, eµ`a, eµ+iνma

]
shifts [κa, `a,ma] ∼ [κa+ζ̄ma + ζm̄a, `a,ma]

The equivalence class g = [κa, `a,ma]/∼ characterises two degrees offreedom per point.
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Corner term in the symplectic potential on partial Cauchy surfaces

Covariant pre-symplectic potential for the partial Cauchy surfaces:
ΘΣ =

[
− i

8πG

∮
C

ηAd`
A +

i

8πG

∫
Σ

ΣAB ∧ dAAB
]

+ cc.

Gauge symmetries:
Simultaneous SL(2,C) transformations of bulk plus boundary fields.
Small diffeomorphisms that vanish at the corner ξa∣∣

C
= 0.

U(1) transformations of the boundary spinors.

28 /34



Graviton and SL(2,R)

The two degrees of freedom can be neatly organised into an SL(2,R)element.
Define auxiliary SL(2,R) 3 S holonomy

`a∂aS =
(
ϕ(`)J + σ(`)X̄ + σ̄(`)X

)
S,

where (J,X, X̄) are generators of SL(2,R)

[J,X] = −2iX,

[X, X̄] = +iJ.

Two physical degrees of freedom encoded into homogenous space
SL(2,R)/U(1)modulo vertical diffeomorphisms.
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Conclusion and Summary



Edge modes vs. radiative modes
A boundary breaks the gauge symmetries in the bulk and turns them intophysical boundary modes (boundary gravitons, edge modes, pseudoGoldstone boson ...).
Physical phase space: PM = [Pbulk

M ×P
boundary
∂M ]/gauge
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ΩM (δ, Lξ) = δM − ΩδJ − κδA = 0.
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